We study a static, spherically symmetric and asymptotic flat spacetime, assuming the hypersurface orthogonal Einstein-aether theory with an ultraviolet modification motivated by the Hořava-Lifshitz theory, which is composed of the z = 2 Lifshitz scaling terms such as scalar combinations of a three-Ricci curvature and the acceleration of the aether field. For the case with the quartic term of the acceleration of the aether field, we obtain a two-parameter family of black hole solutions, which possess a regular universal horizon. While, if three-Ricci curvature squared term is joined in ultraviolet modification, we find a solution with a thunderbolt singularity such that the universal horizon turns to be a spacelike singularity.
I. INTRODUCTION
Spacetime singularity is unavoidable in general relativity [1] , which means the breakdown of our standard theory of gravity in ultraviolet region. To establish the fundamental gravitational theory beyond general relativity is one of the most intriguing question of physics. One may expect that this difficulty can be resolved by considering the quantum effect of gravity. However, unfortunately, the perturbative quantization approach of general relativity losses the renormalizability unlike the other fundamental interactions. In other words, there appears infinite numbers of divergent Feynman diagrams, and thus, the infinite counter terms are required to regularize the gravitational quantum effects. Hence one way to quantize gravity is non-perturbative approach such as the loop quantum gravity [2] or the dynamical triangulation [3] .
Another way is to find a new renormalizable gravitational theory. String theory [4] can be such a candidate, but it has not been completed. Recently, Hořava proposed a gravitational theory with Lifshitz scaling [5] , which is anisotropic scaling between space and time, i.e., t → b −1 t , x i → b −z x i . This scaling defines a scaling dimension [t] = −z with [x i ] = −1, which is restored to the ordinary mass dimension when z = 1. It is found that if we set z to the number of the spatial dimension, the dimension of the gravitational constant becomes zero, which means the gravitational force acquires renormalizability at least at a power-counting level. This gravitational theory is called Hořava-Lifshitz (HL) theory whose action includes higher spatial curvature terms up to cubic order as counter terms of renormalization.
Although there is a need for further investigation to confirm whether HL theory is truly renormalizable or not [6] , strong gravitational phenomena, such as cosmological singularity avoidance [7] and the black hole solution [8] have been studied by several authors. In particular, study regarding the spacetime structure is particularly intriguing frontier. Since the spacetime in HL theory losses local Lorentz symmetry due to Lifshitz scaling, the causal structure is drastically changed. If there is Lifshitz scaling with z = 1, the dispersion relation of the signal particle is modified as ω 2 ∼ k 2z , and then the sound speed is given by c ∼ k z−1 . In consequence, the sound speed almost diverges if the particle is in an extremely high energetic state. One may consider it is impossible to define the casual horizon due to such an instantaneously propagating particle. However it is not the case. In the context of the Einstein-aether (ae-) theory [9] which has some equivalence to the infrared limit of HL theory [10] , there still exists a causal horizon for such an extreme energetic particle. Although ae-theory itself is a toy model as a Lorentz violating gravitational theory, it is found that the HL theory is reduced to ae-theory in infrared limit if the aether is restricted to be hypersurface orthogonal. In other words, the aether u µ is constrained to a gradient of some scalar field ϕ as u µ ∝ ∇ µ ϕ.
If we set ϕ to time variable t, the HL action in ADM formalism is restored. Therefore ϕ is called a "khronon. In this theory, the spacetime is expressed by a series of three dimensional spacelike hypersurface ϕ = constant, denoted by Σ ϕ . Particles with infinite propagating sound speed travel along to Σ ϕ . Then, if there is a spacetime structure such that Σ ϕ parallels to a timelike Killing vector ξ µ , namely u · ξ = 0, any particles cannot escape from this surface at least in a spherically symmetric spacetime. Therefore this surface is a static limit for such energetic particles and it is called universal horizon [11, 12] . The properties of the universal horizon have been so far investigated on the following subjects : a static and spherically symmetric exact solution in ae-theory with the universal horizon [13, 14] , the existence of the universal horizon [15] [16] [17] , a charged black hole solution [18, 19] , thermodynamical aspects [13, 20, 21] , a ray trajectory in a black hole spacetime [22] , and a formation via gravitational collapse [23, 24] .
Then, one might ask a question whether the universal horizon exist even if the Lifshitz scaling terms such as higher spatial curvatures are present. In this paper, we shall consider the backreaction to the black hole solution in ae-theory by the Lifshitz scaling terms. In other words, we investigate the black hole solution and properties of the universal horizon with the Lifshitz scaling terms, which is the ultraviolet modification of gravity. As a first step to clarify the effect of gravitational Lifshitz scaling, we shall consider only the z = 2 scaling terms.
This paper is organized as follows: In §II, the action we considered is shown. We include the z = 2 Lifshitz scaling terms such as the quadratic spatial curvature to the action of ae-theory with hypersurface orthogonal aether and give the basic equations. The propagating degree of freedoms in this theory, i.e., the graviton and the scalargraviton are also discussed. After giving the set up of our static, spherically symmetric system in §III, we classify numerical solutions depending on the coupling constants of the Lifshitz scaling terms in §IV. We then discuss the properties of a black hole solution and a thunderbolt singularity in §V. §VI is devoted to conclusion of this paper.
II. AE-THEORY WITH LIFSHITZ SCALING
A. non-projectable HL gravity v.s. the ae-theory with Lifshitz scaling
In order to see the behavior of the black hole solution with the backreaction from Lifshitz scaling for z = 1, we shall consider non-projectable HL gravity theory. In [25] , its most general action is given as
with 2) where N , g 3,ij and K ij are a lapse function, 3-metric, and an extrinsic curvature, respectively, and the potentials are defined by
α, λ and γ n (n = 0, 1, 3 · · · , 36) are the coupling constants. The potential terms include not only the higherorder terms of the spatial curvatures R ij , R := R i i but also the non-linear terms of the gradient of a lapse function Φ i := D i ln N . V z=2 and V z=3 consist of 8 and 26 independent terms, respectively [25] .
The IR limit of non-projectable HL gravity theory is equivalent to the ae-theory with a hypersurface orthogonality condition [10] , from which a spacetime is foliated by three dimensional spacelike hypersurface Σ ϕ . Then the aether field u µ is described by a gradient of a khronon field ϕ as
Since the lapse function N in the HL gravity theory is related to this khronon field ϕ in the ae-theory as N = exp[ϕ], the aether field corresponds to the gradient of a lapse function Φ i in the low energy IR limit. Hence we will study the ae-theory with additional Lifshitz scaling terms in order to discuss black hole solutions in the non-projectable HL gravity. Although the singular behavior on the Killing horizon can be avoided by adopting Painleve-Gullstrand coordinate, it must be singular at the universal horizon where the aether becomes normal to the timelike Killing vector. On the universal horizon, the khronon field ϕ diverges, in other words, there is no continuous time coordinate beyond this horizon in the (3+1)-decomposition. We then reformulate the theory in covariant manner rather than the ADM (3+1)-decomposition. It is of great use to avoid coordinate singularities.
In this paper, as a first step, we shall restrict the ultraviolet modification terms only to simple scalar terms with z = 2 scaling such as R 2 instead of considering all possible terms. The reason why only scalar terms are included is that those terms give the k 4 dependence in the dispersion relation of the scalar-graviton. Then one expects that the property of the horizon for the scalargraviton which is generally singular in ae-theory will be drastically altered. It would be appropriate terms to see the backreaction effect by the Lifshitz scaling.
B. The action and disformal transformation
We consider the Einstein-aether gravity theory with z = 2 Lifshitz scaling terms, which action is given by
where R is a four dimensional Ricci scalar curvature, G is a gravitational constant 1 , m pl := 1/ √ G is a Planck mass, which may corresponds to a typical Lorentz violating scale, and the aether field u µ is a dynamical unit timelike vector field. M µν αβ is defined by
1 Note that the Newton gravitational constant G N is different from the gravitational constant G appeared in the action. Taking the weak field limit, we find their relation (3.11) .
where c 13 := c 1 + c 3 , c 14 := c 1 + c 4 with {c i } (i = 1-4) being the coupling constants in the ae-theory. The ae-theory given by L (IR) with a hypersurface orthogonality condition is equivalent to the IR limit of nonprojectable HL gravity theory [10] . The relation between both coupling constants is given by
A covariantized three dimensional Ricci scalar curvature R is given by
is introduced as an ultraviolet modification motivated by HL theory with z = 2, which is composed of the scalar combination of R andu 2 . The coupling constants in the z = 2 Lifshitz scaling are rewritten as
We ignore the other coupling constants, i.e., γ 4 = γ 5 = γ 6 = γ 7 = γ 8 = γ 9 = 0.
Performing quadratic order perturbation of the action (2.5) around Minkowski spacetime, we find two types of the propagating degree of freedom. One is a usual helicity-2 polarization which corresponds to the graviton. The other is helicity-0 polarization what we shall refer to as a scalar-graviton. The dispersion relations are given by
Note that the infrared portions which is proportional to k 2 correspond to ae-theory's one [26] .
As is the case of the ae-theory [27] , we find an invariance in the above model under the following disformal transformation;
where σ > 0. This transformation can be simplified by introducing three metric on the spacetime hypersurface Σ ϕ , which is defined by
The disformal transformation (2.12) is rewritten aŝ
This transformation (2.14) means a rescaling of timelike separation between two spacelike hypersurfaces with fixing three-dimensional space. Under the transformation, the action is invariant if each coupling constant changes asĉ
(2.15)
Remarkably, the coefficients proportional to k 2 in (2.10) and (2.11) are changed to σ −1 times after the transformation, whereas, k 4 terms are invariant. This means the propagating speeds of each gravitons in infrared limit are scaled as σ −1/2 but that of the graviton in ultraviolet limit is unchanged. This property holds even if the all possible higher curvature terms motivated by HL theory are considered (see Appendix.B).
C. The basic equations
To derive the basic equations, we shall start from taking the variation of action (2.5) with respect to g µν and u µ , i.e.,
where,
17) 20) where
Rg µν is Einstein tensor and
The ultraviolet portions, E (g2) (Aµν − Aνµ).
Note that E µν = 0 and AE µ = 0 are not the basic equations, because the constraint of the aether field has not been taken into account. To find the basic equations, we usually have to introduce a Lagrange multiplier. Instead expressing the aether by u µ = U µ / √ −U α U α where U µ is an arbitrary timelike vector field, we find the basic equations from a variation of U µ . Since a variation of u µ is given by 28) we find the basic equations as
Here we rewrite the basic equations in terms of the aether field u µ with the normalization condition (2.31). If the aether field is hypersurface orthogonal as we have assumed here, we can take a variation with respect to the khronon field ϕ instead of U µ . Since the aether field u µ is given by Eq. (2.4), the variation of ϕ is found by using the relation:
The resultant basic equations are
and We discuss a static and spherically symmetric spacetime with asymptotically flatness. In order to avoid a coordinate singularity at horizon, we adopt the following metric ansatz like the Eddington-Finkelstein type:
where v is an ingoing null coordinate and B ≥ 0. The aether field in this coordinate system is assumed to be
where the function b(r) is fixed by the normalization condition (2.31) as
In this spacetime, there exists a timelike Killing vector ξ µ := (1, 0, 0, 0) associated with the time translational invariance.
Since the basic equations (2.29)-(2.31) in this ansatz take quite complicated form, we omit to show it explicitly. Instead, the structure of the basic equation is illustrated. Substituting (3.1) into the basic equation (2.29)-(2.30), we find there are five non-trivial and independent set of equations : (v, v), (v, r), (r, r) and (θ, θ) components of (2.29) and s µ projection of (2.30), where s µ is a "radial" spacelike unit vector perpendicular to u µ . From the discussion in [29] , we find following two constraint equations :
where C µ is defined by
These equations include one fewer r derivatives than the rest portion of the basic equations, and they are automatically preserved by solving the other equations with respect to r-evolution if (3.4) are satisfied on an "initial" constant r-surface. The rest of the equations, namely (v, v) and (θ, θ) components of (2.29) and s µ component of (2.30) give the evolution equations with respect to T (r), B(r) and a(r).
A. Asymptotic behaviour
Since we assume an asymptotic flatness, the asymptotic values of the variables are given by
In order to investigate the asymptotic behavior of the solution, we perform an asymptotic expansion around Minkowski spacetime, that is, the functions T (r), B(r) and a(r) are expanded as a series of 1/r as
(3.7) Substituting these series into the basic equations, and solving them order by order, we find the expansion coefficients as
48 ,
,
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The asymptotic behavior of the function b(r) is given by
The important point is every order of these functions, at least up to the eighth order, is described only by two arbitrary coefficients, T 1 and a 2 as in the case of the ae-theory [30] . Additionally, the effect of the g 2 and β 2 terms, that is, the contribution from the fourth spatial derivative terms first appears in the fourth order coefficients T 4 , B 4 and a 4 . β 1 appears after the fifth order coefficients, which we have not shown here because they are so lengthy. The free parameter T 1 is accosted with a black holes mass. From the discussion in [31] [32] [33] , the black hole mass M as a Noether charge with respect to time translational symmetry is given by 10) where
is the observed Newton constant.
4
The parameter a 2 can be fixed from the analyticity of a black hole horizon for the scalar-graviton in the infrared limit, but it becomes a free parameter when we include the z = 2 Lifshitz scaling terms as will be discussed later. This free parameter a 2 may characterize the distribution of an aether cloud around a black hole.
B. Black hole horizons
In the ae-theory or the HL gravity theory, the metric horizon, which is the r-constant null surface of (3.1), is not generally an event horizon. As shown in Eqs. (2.10) and (2.11), the sound speeds of the graviton and the scalar-graviton depend on the coupling constants. As a result, without tuning of the couplings, they generally differ from unity. The metric horizon only means a static limit for a propagating mode with the sound speed being unity. For this reason, we first reconsider the horizons of the aether black hole. 4 We shall refer M pl := 1/ √ G N as a observed Planck mass which is related to the observed Newton constant G N . Note that the Planck mass m pl := 1/ √ G appeared in (2.5) is rather than related to the Lorentz violating scale.
horizons in the infrared limit
Firstly, we shall consider the low-energy infrared limit of the graviton and scalar-graviton. Since the relevant parts in (2.10) and (2.11) are k 2 terms, the sound speed of the graviton c G and that of the scalar-graviton c S in the infrared limit are given by
.(3.12)
Note that under the transformation (2.14), each sound speed is changed aŝ
, we find a frame in which either the sound speed of the graviton or that of the scalar-graviton is unity. Thus, we can adjust the horizon for the graviton or that of the scalar-graviton to the metric horizon by an appropriate disformal transformation. Explicitly, by performing the follwing disformal transformations;
the graviton horizon or the scalar-graviton horizon are located on the r-constant null surfaces of the effective metrics (3.14) and (3.15), respectively. In the EddingtonFinkelstein ansatz (3.1), the r-constant null surfaces of the graviton and the scalar-graviton are given by
respectively, where
respectively. In Appendix.A, we present the transformation of Eddington-Finkelstein type metric (3.1) under the disformal transformation (2.14).
horizons in the ultraviolet region
In turn, we shall focus on the propagation of the graviton and the scalar-graviton in the high energy limit. Although the sound speed of the graviton is the same as that in the infrared limit, the sound speed of the scalargraviton in the high energy limit turns to be 19) which depends on the three momentum k. Thus, the sound speed can increase to infinitely high in an ultimately excited state. In this situation, the r-constant null surface given by Eq. (3.15) is no longer an event horizon. An event horizon of a black hole must be the surface whose outside region is causally disconnected from the inside for any propagation modes even with an infinite sound speed. Otherwise, an inside singularity is exposed.
The above case can be resolved to consider the special aether configuration. The ultimately excited scalargraviton should propagate along the three dimensional spacelike hypersurface. In other words, any future directed signal must not propagate against the direction which ϕ decreases. Thus, such an excitation mode must be trapped inside a surface where the hypersurface Σ ϕ is parallel to the timelike Killing vector ξ µ , namely, u · ξ vanishes. This is the concept of the universal horizon which is regarded as a real black hole horizon in Lorentz violating spacetime [11] .
IV. SPHERICALLY SYMMETRIC "BLACK HOLE": SOLUTIONS
To find a black hole solution with the z = 2 Lifshitz scaling terms, we shall solve the basic equations numerically. Our strategy is as follows. (i) To impose the boundary conditions near the asymptotically flat region by applying (3.8) , that is, to give "initial" values of the variables T (r), B(r), and a(r) and their derivatives at infinity. (ii) To integrate from an appropriate distant spatial point toward the center of a spherical object.
A. black hole solution in the infrared limit :
the case of g2 = β1 = β2 = 0
First we show the result for the case of the ae-theory, i.e., g 2 = β 1 = β 2 = 0. It gives a black hole solution in the low-energy infrared limit. The numerical black hole solution is shown in FIG.1 , which was already found in [30] , for the coupling constants c 13 = 0.100, c 2 = −6.135 × 10 −4 , c 14 = 0.100. In this solution, the black hole mass is chosen as G N M = 0.5. Note that our unit is fixed by setting T 1 = −1, so that the normalization length is r M := 2G N M = 1.
Since, the scalar-graviton sound speed is set to unity, the scalar-graviton horizon coincides with the metric horizon : T (r SH ) = 0. We find r SH = 1.010 = 2.02G N M , which is a little larger than the Schwarzschild radius.
The graviton horizon locates inside that of the scalargraviton, i.e., r GH = 0.998 < r SH . It is because the graviton sound speed is faster than the scalar-graviton's one. The most outer universal horizon is formed inside these two horizons, i.e., r UH = 0.720 < r GH , r SH . Additionally, more than one inner universal horizons is formed due to the rapid oscillatory behavior of the function U (r) The scalar-graviton horizon is given by rSH = 1.010. The dashed purple curve indicates TG, from which we find the graviton horizon as rGH = 0.998. The dashed brown curve indicates U (r) := u · ξ, which zero point gives the position of the universal horizons. The outermost universal horizon radius is rUH = 0.720.
near the central singularity. It means, this solution has a causally disconnected region for low energy particles even if the particle with z = 1 Lifshitz scaling is taken into account 5 . In this sense, this solution is regarded as a black hole in the low-energy infrared limit.
The important point of this solution is that a physical singularity generally appears on the scalar-graviton horizon (= the metric horizon in the present case), if we do not tune the parameter a 2 . In order to regularize the scalar-graviton horizon, we must choose an appropriate value for the parameter a 2 as a boundary condition, which is a 2 = 1.112 × 10 −3 . Then, the function B [ae] , which is the "coefficient" of 1/T S in the evolution equation of B(r), must vanish on the scalar-graviton horizon r = r SH . We present the detailed analysis of the regularity on the horizons in Appendix C. As a result, for a regular ae-black hole solution, there remains only one free parameter T 1 , which is associated with the black hole mass, just as is the case of the Schwarzschild solution in general relativity.
B. black hole solutions with Lifshitz scaling :
the case of β1 = 0 and g2 = β2 = 0
When the higher-order aether correctionu 4 is taken into account, i.e. β 1 = 0 the solution turns to depend on a 2 as well as T 1 unlike ae-black holes. Therefore one may consider the ultraviolet correctionu 4 does cure the singular behavior on the scalar-graviton horizon appeared for the infrared-limit theory. In fact, if we assume onlyu 4 term (g 2 = β 2 = 0), we find that there is no singular behavior on any horizon in general. The detailed discussion is developed in Appendix. C.
In this subsection, we consider the case of β 1 = 0 with g 2 = β 2 = 0. There are five types of "black hole" solutions, which are classified in two dimensional parameter space, namely, in (a 2 , β 1 ) plane. Note that we use the unit of T 1 = −1. We give a classification of these solutions in TABLE I, which phase diagram of these solutions is shown in Fig. 2 .
The classification of the solution for the case of β1 = 0 with β2 = g2 = 0. The region I-IV correspond to the areas shown in Fig. 2 . rSH, rGH and rUH are the positions of the scalar-graviton horizon, the graviton horizon, and the universal horizon, respectively. ∆ means that the solution describes a black hole for gravitons and scalar-gravitons, but may becomes naked for high-energetic Lifshitz scaling test particles with z > 1.
We explain each solution in due order:
(1) iBH (i) [an infrared black hole with a central singularity]: If β 1 and a 2 are set to be in the light blue colored region in Fig. 2 (region I(i)), we find a kind of black hole which possesses the graviton horizons. The typical numerical example is shown in Fig. 3(a) . There are graviton and scalar-graviton horizons. In the present case, the dispersion relations of graviton and scalar-graviton are given by ω 2 ∼ k 2 , which means these horizons coincide with ae-theory's ones. Hence the gravitons and scalar-gravitons cannot escape from the inside of these horizons. For low-energy particles, they also play a role of horizon too. In this sense, one may regard this solution as a type of black hole, which we call an infrared black hole (iBH).
The spacetime and aether field are regular except at the center. However, since there exists no universal horizon, this solution has no causally disconnected region. The universal horizon turns to be genuine causal boundary due to the Lifshitz scaling with z = 1. Therefore the singularity at the center is exposed if non-gravitational propagating modes with the z > 1 Lifshitz scaling are taken into account. Thus we conclude that this solution does not describes a true black hole in the strict sense but a type of naked singularity even if the graviton horizons exist.
To clarify this situation, we shall depict the spacetime structure. Note that the Carter-Penrose diagram itself does not describe the causal structure of the solution due to the lack of Lorentz invariance. However, since it would be useful to understand the spacetime structure, we will show it for this solution. In Fig. 3(b) , we illustrate the Carter-Penrose diagram for this solution, in which null rays propagate on ±45• direction. The metric (and scalar-graviton) horizon, which is one of the horizons in the Carter-Penrose diagram, is a horizon for the z = 1 Lorentz invariant particles or for the low-energetic infrared particles. For the z > 1 Lifshitz scaling high-energetic particles, however, it is no longer horizon, but the spacelike universal horizon will take its place. and a(r), respectively. The dashed purple and dashed brown curves indicate TG and U (r) := u · ξ. The graviton horizon is found at rGH = 1.030, while the scalar-graviton horizon exists at rSH = 1.120. Since U (r) does not vanish, there is no universal horizon, namely, no causal boundary. In the bottom figure (b), the dashed curves indicates r =constant surface, especially, the blue, purple and brown curves represent the scalar-graviton horizons, the graviton horizons and the universal horizons, respectively. The spacetime singularities are represented by the waving curves. The future (past) null infinity, the future (past) timelike infinity and the spacelike infinity are indicated by I + (I − ), i + (i − ) and i 0 , respectively. The ultimately excited particle with z > 1 Lifshitz scaling propagates along the ϕ =constant surface, which is indicated by the solid green curves.
blue colored region in Fig.2 (region I(ii) ). Although graviton and scalar-graviton horizons are formed, a singularity appears at r = r ss > 0. As mentioned in (1), this singularity is not causally disconnected from infinity due to the absence of the universal horizon. Therefore, although this solution behaves as a black hole for gravitons and scalar-gravitons as well as Lorentz invariant z = 1 particles, it turns to be a naked singularity for high-energetic particles with the z > 1 Lifshitz scaling.
In this sense, we also classify this solution as iBH.
The difference from the case (1) is that the singularity shapes a spherical shell rather than a spacetime point with infinitesimal volume in iBH (i). In this paper, we shall refer it as a singular shell.
To see the cause of this singularity, we shall focus on the structure of the evolution equation. We find that the evolution equation of B(r) which is a linear-order differential equation with respect to r (see Appendix C) turns to be singular at r = r ss . More specifically, the divergence of B ′ (r) results in this type of singularity. The typical numerical example and the Carter-Penrose diagram are shown in Fig. 4(a) and (b) , respectively. Fig. 2 (region II(i) ). Since the central singularity is hidden by the universal horizon, this type of the solution is a real black hole. Any particles with the z > 1 Lifshitz scaling as well as the Lorentz invariant z = 1 particles cannot escape from the inside of the universal horizon. We then call it an ultimate black hole (uBH).
We shall show the typical example in Fig. 5(a) . This solution is much similar to the ae-black hole illustrated in Fig. 1 Fig.2 (region II(ii) ), we find the solution with graviton, scalar-graviton and universal horizon, however, there are a singular shell inside the universal horizon. Since the singular shell is covered by the universal horizon, any information from the singularity never be leaked into the outside. Thus we can regard this type of the solution as a real black hole. Then we also classify this solution as an ultimate black hole (uBH).
The typical example and the Carter-Penrose diagram of this solution are shown in Fig. 6(a) and (b) , respectively. Fig.  2 (region III) , a singularity always appears at the null Killing horizon of the scalar-graviton. On the singular shell, the function a(r), namely, the v component of the aether field diverges if we set a 2 to be larger value than a critical one. Furthermore, it is found that the critical value of a 2 (∼ 0.377) which induces the a(r) divergence seems to be universal under any choice of β 1 as shown in Fig. 2) . We shall present one typical example and the corresponding Carter-Penrose diagram in Fig. 7 . Near the spherical shell with the radius r SH = 0.865, the quadratic scalar of three-dimensional Ricci tensor R µν R µν diverges. Hence it is a physical singularity. One may wonder why such a singular behavior is occurred on the scalar-graviton horizon. More specifically, from Appendix C, we have known that the basic equations possess no dependence on the negative power of T S unlike the ae-case. Therefore, the scalargraviton horizon where T S = 0 should be regular in general. To see in detail, we shall expand the evolution equation of a(r) around r SH . From our numerical analysis in Fig. 7 , we find a −1 (r SH + ǫ) ∼ δ and a ′ (r SH + ǫ) ∼ δ −2 , where ǫ ≪ 1 and δ ≪ 1. In Fig.  7 , we have check the divergence numerically at least for ǫ > ∼ 1.000 × 10 −3 and δ > ∼ 4.132 × 10 −3 . Near the singularity, where T S (r SH + ǫ) := ∆ ǫ ≪ 1, the dominant term in the evolution equation of a(r) is given by
Thus, we find that a(r) shows singular behavior when ∆ → 0, where the limit gives the scalar-graviton horizon. Since this singularity is due to the aether field rather than the spacetime metric. This singularity seems to be closely analogous to the thunderbolt singularity. The thunderbolt singularity is proposed in the context of quantum black hole evaporation. In [35] , the thunderbolt singularity is firstly invented in semi-classical analysis of (1 + 1)-dimensional dilaton-coupled gravity with scalar field [36] which is renormalizable theory of quantum gravity. Furthermore, this type of singularity is also discovered in (1 + 1)-dimensional quantum field theory via complete quantized analysis [37] .
In such a situation, a null singularity appears on the event horizon. Although a causally disconnected region is not formed because of the existence of a singularity, this singularity itself is not detected by any outside observer. As a result, it is not a naked singularity. They call it a thunderbolt singularity.
In our case, the singularity of the aether field appears on a Killing horizon is null. Hence it behaves similar to a thunderbolt singularity for Lorentz invariant z = 1 particles. We call it an infrared thunderbolt singularity (iT S). The thunderbolt composes of the singular aether field. figure (a) , the blue, red and green curves indicate the functions T (r), B(r) and a(r), respectively. The dashed purple and dashed brown curves indicate the TG and U (r). Near the spherical shell with the radius rSH = 0.865, the quadratic scalar of three-dimensional Ricci tensor Rµν R µν diverges rather than four-dimensional Kretchmann invariant Rµν R µν , which are denoted by the solid dark green curve and dot-dashed black curve in the middle figure(b) , respectively. In the bottom figure(c), the conformal structure is depicted. The meaning of the curves and symbols in this figure are same as those of FIG. 3(b) .
The singular shell without any horizon is found in the light red colored region in Fig. 2 (region IV) , namely, β 1 < 0. Since the singularity is timelike and there is no horizon, this type of the solution completely exposes its singularity. Note that that singularity is originated from the divergence of the evolution equation B(r) as is the case in iBH (ii) and uBH (ii).
We shall show the typical example in Fig. 8 . 
C. Ultimate thunderbolt singularity (uT S)
: the case of g2 = 0 and β1 = β2 = 0
Next, we consider only the spatial higher curvature correction term R 2 to take into account the back reaction effect of the Lifshitz scaling in the high energy limit. That is the case of g 2 = 0 and β 1 = β 2 = 0. From the discussion in section III B, the graviton horizon does not change and its position is still at r GH where T G (r GH ) = 0. On the other hand, the scalar-graviton horizon is shifted from the Killing horizon to the universal horizon because of k 4 term in the sound speed (3.19). We first assume g 2 < 0. In Fig. 9(a) , one numerical solution is shown for g 2 = −1. The setting of the coupling constants and the boundary conditions are the same as those of Fig. 1 except g 2 = −1 . Notably, we find that a singular behavior on the metric horizon found for untuned arbitrary value of a 2 in the ae-gravity theory vanishes. The metric horizon turns to be regular for any value of a 2 . Instead, a singular behavior is found inside the metric horizon. The (v, r) component of the metric, B(r) vanishes there. The aether field u µ aligns perpendicular to the timelike Killing vector ξ µ near the singular point, which corresponds to the universal horizon with u · ξ = 0.
We calculate the four-dimensional Kretchmann invariant R µνρσ R µνρσ and the quadratic scalar of the threedimensional Ricci tensor R µν R µν , which are shown in Fig. 9(b) . Near the singular point, those two scalar functions diverge. Thus, this singular point is a physical singularity rather than a coordinate singularity. So we find that the universal horizon becomes singular. Additionally, the structure of this spacetime is depicted in  FIG. 9(c) .
What causes this type of singularity ? In order to clarify this question, we first show the relation between g 2 and the radii of the graviton horizon r GH , the metric horizon r KH and the singular universal horizon r UH in Fig. 10 . We also give the detailed data of the singular universal horizon radius r UH near g 2 = 0 in Table II .
From these results, we find that the universal horizon radii change smoothly from g 2 = 0 case to g 2 = 0 cases. One may wonder whether it can be regular if we tune the free parameter a 2 just as the scalar-graviton horizon figure (a) , the blue, red and green curves indicate the functions T (r), B(r) and a(r), respectively. The dashed purple and dashed brown curves indicate the TG and U (r). The graviton horizon is found at rGH = 1.248, while the metric horizon exists at rKH = 1.250. The calculation has been broken down at rUH = 1.157 where U (r) approaches to zero. In the middle figure (b), the dotted gray and dotted black curves indicate ln(RµνρσR µνρσ ) and ln(Rµν R µν ), respectively. In the bottom figure (c), the conformal structure is depicted. The meaning of the curves and symbols in this figure are same as those of  FIG. 3(b) .
in the ae-gravity theory. To see this, we shall perform the expansion of the basic equations around the universal Figs. 1 and 9 except g2. The purple, blue and brown star marks indicate the graviton horizon radius rGH, the scalar-graviton horizon radius rSH and the singular universal horizon radius rUH in the ae-gravity theory, respectively. The purple, blue and brown round circles indicate the graviton horizon radius rGH, the metric horizon radius rKH, and the radius of the singular universal horizon rUH. Numerically the position of rUH is evaluated at the point of U (r) = −0.025, because U (r) = 0 is singular.
horizon. Focusing on the coefficients of the most highest r derivative terms, T ′′′ (r), B ′′′ (r) and a ′′′ (r) terms in the (θ, θ) component of the Einstein equation, we find all of them have been vanished at the universal horizon (see Appendix.C). This result does not depend on the value of a 2 . This fact means that the singularity on the universal horizon cannot be remedied by tuning the free parameter a 2 unlike the ae-case. While there is no singular behavior on the scalar-graviton horizon r SH in the infrared limit where T S vanishes.
Hence it is not quite unnatural to consider that the singular behavior which appears on the scalar-graviton radius with T S = 0 in the infrared limit is shifted to the universal horizon when we include the higher curvature term from the Lifshitz scaling. Namely, the dispersion relation of the scalar-graviton with nonzero g 2 gives the infinite sound speed of the scalar-graviton. The similar situation is found for the exact solution with c 14 = 0 in the ae-gravity theory [13] , for which the sound speed of the scalar-graviton (3.12) becomes infinite and the scalargraviton horizon coincides with the universal horizon. In this case, however, this singularity can be removed by choosing an appropriate value of a 2 .
We shall turn our attention to the physical interpretation of this solution. Recall that the universal horizon is defined by surface where u·ξ = 0, i.e., a static limit for the ultimately excited dispersive particle with z = 1 Lifshitz scaling. In other words, only the particle which possesses infinite energy can stay on the surface, and any futuredirected signal on the surface cannot goes outward even if the particle is spacelike with infinite energy. Namely, the information on the universal horizon must not be leaked out to outside of the horizon. Although this solution cannot be regarded as a black hole solution whose spacetime singularity is isolated by an event horizon, the cosmic censorship hypothesis is not violated on this account.
This singularity is very similar to the thunderbolt singularity if we replace a null event horizon with a spacelike universal horizon. The universal horizon is a real horizon for the z > 1 Lifshitz scaling particles. So the singular universal horizon cannot be detected by any outside observers. Although there is no causally disconnected region, it is not a naked singularity. We then call it a ultimate thunderbolt singularity (uT S). We may speculate that the appearance of the thunderbolt singularity on the universal horizon via R 2 term indicates quantum gravitational loop correction in the Lorentz violating system as in quantization of the Lorentz invariant system with a thunderbolt singularity.
Besides, one may wonder about solutions for the positive value of g 2 . In fact, this case is less interesting. Namely, all black hole horizons which exist in the case of g 2 = 0 completely disappear. The property of the solution is quite unphysical, i.e., the functions T (r) and B(r) show positive divergence at smaller radius r ∼ O(10G N M ), while the function a(r) drops to zero without forming any horizon. In other words, there does not exist any type of black holes discussed before (See Fig. 11 ). 
D. Solutions with z = 2 Lifshitz scaling terms
: the case of g2 = 0 and β1, β2 = 0
If we have onlyu 4 term, we find uBH for an appropriate value of a 2 . The universal horizon is not singular. On the other hand, when we have only R 2 term, the universal horizon becomes singular, giving a thunderbolt singularity uT S. One may wonder what happens if both z = 2 Lifshitz scaling terms,u 4 and R 2 , exist (g 2 = 0 and β 1 = 0). Since R 2 andu 2 R give the highest derivative terms in the equation of motion, namely, T ′′ (r), B ′′ (r) and a ′′′ (r), the uT S spacetime with |β 1 | ≪ |g 2 | is not so different from the original one. On the other hand, if |β 1 | is not so small compared with |g 2 |, the spacetime tends to generate a singularity caused by the aether field. More specifically, a singular spherical shell appears before forming the thunderbolt singularity on the universal horizon. Thus, we can only find iBH (ii) and tN S spacetime in this situation.
Finally, we mention the case of β 2 = 0. Although we have shown that there must not exist a regular universal horizon in this case (see Appendix C), any horizons cannot be found as far as our numerical analysis. In other words, the spacetime produces a singular spherical shell before forming any horizon, namely, tN S solution.
V. PROPERTIES OF SOLUTIONS
We shall discuss the properties of obtained black hole and thunderbolt singularity solutions from several view points.
A. Distribution of the aether field
In our solutions, there are two free parameters, M and a 2 . The mass is a conserved quantity, which characterizes the solution. Althogh the different value of a 2 gives the different solution, a 2 may not correspond to any conserved quantity. In order to understand the physical meaning of a 2 , we consider the energy density distribution of the aether field.
We define the effective energy density and pressures of the aether field by
When we calculate ρ ae , P
[r] ae , P
[⊥] ae we use the Einstein equations:
It makes easy to evaluate T
[ae]
µν once we obtain the solutions.
First we show ρ ae , P
[r]
ae , and P
[⊥] ae
for the ae-black hole in Fig. 12 as a reference. In the ae-black hole, all aether quantities are always negative. Additionally, the following quantity E ae is introduced in order to examine the strong energy condition,
It is also negative definite, which means that the strong energy condition is broken. We then show ρ ae , P
ae and E ae for each solution in Figs. 13 and 14 .
When we add the z = 2 Lifshitz scaling terms, the distribution of the aether field is drastically changed. For the case of β 1 = 0, β 2 = g 2 = 0 (for iBH, uBH and iT S spacetime), the localized aether cloud is formed, i.e., ρ ae and P [r] ae are localized near the graviton and the scalargraviton horizons. We may speculate that the positivity of the aether density and radial pressure relax a singular behavior at the scalar-graviton horizon, which exists in ae-theory with general value of a 2 . Note that the strong energy condition is satisfied for some finite radial region. Furthermore, referring FIG. 2 and the aether distribution  FIG. 13 (a), (b) and (c), for the larger value of a 2 , the more dense aether cloud forms. As a result, the iT S spacetime is emerged in the large a 2 region due to the gravitational collapse of the aether cloud.
For the case of g 2 = 0, β 1 = β 2 = 0 (for uT S spacetime), the distribution is different. Referring FIG. 14, although the radial pressure is positive, the energy density becomes negative. The strong energy condition is broken in the whole spacetime. Note that the radial pressure diverges where the shell singularity appears.
B. Preferable Black Holes
Although black hole thermodynamics in ae-gravity theory has been discussed in the last decade, the complete understanding have not yet achieved. Hence, in this sec-
The distributions of the aether cloud for the solutions which are found in β1 = 0, β2 = g2 = 0. We illustrate the typical example of iBH (i) (the top figure (a) ), the uBH (i) (the middle figure (b) ) the iT S (the bottom figure (c)) instead of showing all kind of the solutions. The solid cyan, dashed magenta, dotted yellow and dot-dashed black curve indicate ρae, P tion, we only discuss which solution is more preferable from the view point of the thermodynamical stability
In the previous section, we find two-parameter "black hole" solutions: One free parameter is a black hole mass M , which is used to normalize the variables, and the other free parameter is a 2 . However we have only one Noether charge with respect to time translational symmetry, which is the black hole mass M given by (3.10). As we showed in the previous subsection, the parameter a 2 describes the distribution of the aether field, but does not provide a conserved quantity. It just describes a cloud of the aether field around a black hole or a thunderbolt singularity. a 2 describes a different configuration of the aether cloud.
Hence, fixing a black hole mass M and changing a 2 , we may find most preferable configuration of the aether field, which gives a stable solution. To find such a solution, we adopt the view point of thermodynamical stability, i.e., we assume that the maximum entropy determines the stable configuration.
However, the definition of the black hole entropy is unclear due to the unavailability of Wald's Noether charge method on the black hole horizons in ae-theory and its extension. In addition, according to [38] , the black hole entropy is modified by the higher curvature terms. Namely, it is given by the integration of functional derivative of the action with respect to four dimensional Riemann tensor denoted by E µνρσ over the bifurcation surface B. In our case,
Unfortunately, this modification factor (1 − β 2u 2 − 2g 2 R) diverges near the universal horizon due to the singular behavior of the three curvature R.
Hence here we consider only the case without the higher-curvature correction terms (g 2 = β 2 = 0). Then we simply assume the black hole entropy is given by the area of the horizon A(r H ), where r H is one of horizon radii 6 . If we find more appropriate definition of the black hole entropy, our result would be changed. 6 According to [38] , the black hole entropy is modified by the higher curvature. Namely, it is given by the integration of functional derivative of the action with respect to four dimensional Riemann tensor over the bifurcation surface B. Whenu 4 term is considered, the entropy should be same as ae-theory's one. It is becauseu 4 never produces any additional term by the functional derivative.
Here we adopt the universal horizon to evaluate the black hole entropy:
In Fig. 15 , we show the radii of the universal horizon r UH with respect to a 2 for uBH spacetime. The property of the universal horizon is summarized as follows : Each universal horizon radius is a convex upward function with respect to a 2 except the right edge. The maximum value of black hole entropy for each value of β 1 is given at the top of the convex, which is denoted by r UH(max) . At the end of the convex function which is called a "turning point" denoted by a 2(turn) , the function sharply bounce and turns to increase until the regular universal horizon disappears. Beyond this point, we find iT S solution. Remarkably, the value of a 2 at turning point and the right edge of these plot are invariant with respect to β 1 , which are given by a 2(turn) = 0.373 and a 2(end) = 0.377, respectively. Note that a 2(end) corresponds to the border between uBH and iT S spacetimes.
We give the detailed data of the thermal quantities with the maximum entropy and at the turning point for each value of β 1 in TABLE III.
When we take the maximum value of the universal horizon radii with respect to a 2 , we may find the most preferable black hole solution for a given mass M . It is because such a maximum point may give a stable solution from the view point of the black hole thermodynamics.
Then we find a series of these most preferable black hole solutions in terms of M . In Fig. 16 graviton and universal horizons) of the ae-black hole, their radii seem to increase linearly in terms of the mass M , which is the same as that of Schwarzschild solution.
Whereas, for our uBH, the universal horizon radius increases with a higher power-law function of M than the linear one in the small mass region, and it approaches a linear function for large values of M . The uBH universal horizon radius is smaller than ae-black holes's one for M > M crit = 1.497m pl . We shall refer M crit as a critical mass. Note that the universal horizon radius seems to vanish for small value of M , but it is not clear whether it vanishes at a finite mass M min (> 0), or at M = 0.
One may wonder whether our uBH solution will recover the ae-black hole or not when β 1 approaches to zero. To see this, we give the detailed data of r UH(max) and corresponding a 2(max) near β 1 = 0 in Table IV sal horizon radius increases in such a limit. Thus, we can conclude that the uBH solution cannot be smoothly connected to the ae-black hole.
C. Smarr's formula and Black Hole Temperature
Concerning the black hole first law in ae-theory, it is found that the aether field prevents from establishing the black hole mass-entropy relation on the Killing horizon [31] via Noether charge method [38, 39] . Notwithstanding, the Smarr's formula in ae-theory has been proposed only in static and spherically symmetric configuration [13] , which is established by applying Gauss's law to the aether field equation. It is found that the aether portion of the basic equation can be reduced to Maxwell-like form in static and spherically symmetric spacetime : 6) where, F µν is given by
s µ is a spacelike unit vector perpendicular to u µ and a surface gravity κ which is given by ξ α ∇ α ξ µ = κξ µ is equivalent to the following form due to a spacetime symmetry :
Note that the structure of (5.6) is similar to Maxwell's equation, thus, we can perform the flux integration. According to Gauss's law, the integration of F µν over B r which is a two sphere at radius r must produce same value for any r. Considering the integration over spatial infinity B ∞ and B r , then we obtain 10) where A(r) := 4πr 2 is a surface area of B r . Note that this relation is held for any r. When we evaluate the r.h.s. of Eq. (5.10), we find the Smarr's formula:
where T (ae) uBH = q(r UH )/π is a black hole temperature. Turning to our attention to the case of including higher curvature and aether effects, although the Maxwell-like aether equation is not found, we may obtain the relation between the black hole mass and the entropy (or the area of the universal horizon) by evaluating the deviation from the ae-black hole's one. Note that our thermodynamical analysis is limited to the black hole solution only with β 1 term. If we consider the surface gravity or black hole temperature on the singular horizon, these quantities must diverge. Thus, we shall not discuss the solutions without a regular universal horizon.
We shall presume the mass-entropy relation as follows:
where
is introduced as the correction by the z = 2 Lifshitz scaling term from the ae-black hole temperature.
In Fig. 17 , we show the mass-temperature relation of the most preferable black hole solutions defined in the previous subsection. We also show ae-case [13] as a reference. From this plot, we find that the ae-black hole tem- perature seems to be inversely proportional to the black hole mass M , which is the same as the Schwarzschild black hole in GR. Whereas, that of our uBH solution is clearly far from the inverse M law. More specifically, the black hole temperature of uBH turns to be lower than that of ae-case for the range of M > M crit , where M crit is the critical mass defined in the previous subsection. In From FIG. 17, the temperatures of the uBH solutions seem to obey the inverse M law in large M region, while it may decrease exponentially in small M region. To examine this behavior, we shall assume that the masstemperature relation is given by the following functional form : . VI. In our numerical result, it is found that M min is extremely small, or possibly vanishes. Moreover, it is notable that the values of µν seem to be universal for β 1 > 0, namely, all asymptotic behaviors in large M region, which is denoted by T (z=2) uBH (M ≫ m pl ), are the same, but differs from that of the ae-black hole.
VI. CONCLUSION AND DISCUSSION
Without Lorentz symmetry, the Killing horizon is no longer the event horizon in the static and spherically symmetric spacetime due to the presence of the superluminal propagating modes. However, in the context of the ae-theory or infrared limit of the non-projectable HL gravity, a black hole solution can be still constructed by considering the universal horizon which is a static limit for an instantaneously propagating particle. In this paper, we have studied the backreaction to the black hole solution in ae-theory by the Lifshitz scaling terms. We have analyzed the ultraviolet modification of the ae-black holes including the simple scalar terms with z = 2 Lifshitz scaling, specifically, the quadratic term of spacial curvature associated with the hypersurface orthogonal aether field (R 2 ), the quartic term of the aether acceleration (u 4 ), and the product of the spacial curvature and the quadratic term of the aether acceleration (u 2 R). Only for the case withu 4 term (β 1 = 0 and β 2 = g 2 = 0), we have succeeded in finding a black hole solution with regular universal horizon, which is referred as uBH. In contrast to the ae-case, the black hole solutions are obtained without tuning the boundary parameter of the aether field a 2 . In other words, uBH solutions exist in a finite range in the (β 1 , a 2 ) parameter plane ( see FIG. 2 ). If we select the parameter a 2 beyond this range, a singular shell appears before forming a universal horizon. While, consideringu 2 R and/or R 2 terms (β 2 = 0 and/or g 2 = 0), any black hole solution with regular universal horizon cannot be constructed due to the divergence of the basic equations on the universal horizon (see Appendix.C). However, including only R 2 term with negative g 2 , we have found the solution with a thunderbolt singularity (uT S), whose universal horizon turns is still singular but the singularity is not observed any outside observers. Although this solution cannot be regarded as a black hole, the cosmic censorship hypothesis is not violated. Since the thunderbolt singularity had been discovered in the context of the quantum gravity in lower dimension, the emergence of this solution is not so strange since the z = 2 Lifshitz scaling terms are regarded as quantum gravitational corrections. We then have studied several properties of our solutions including spacetime structures with their CarterPenrose diagrams. To investigate the physical meaning of a 2 , we have shown the effective energy momentum tensor of the aether field T
[ae]
µν , i.e., the effective energy density and pressure. From these results, the parameter a 2 seems closely related to the distribution of the spherical aether cloud. Namely, large value of a 2 configures a dense aether cloud and eventually induces a collapse of the aether field, which results in a formation of a "timelike" singular shell (tN S). Moreover, we may speculate that regularity on the (infrared limit of) scalar graviton horizon is recovered due to the localization of the aether field near the horizon, which does not appeared in ae-case.
Finally, we have explored the thermodynamical aspect of the uBH solution. Since the maximum universal horizon radius is obtained by choosing an appropriate value of a 2 for a given mass M , the parameter a 2 may be fixed so that the area of the black hole, which may be regarded as the black hole entropy, becomes maximum. This solution may provide the most preferable black hole because it can be thermodynamical stable. Additionally, the Smarr's formula and the black hole temperature are also examined. When we speculate the mass-temperature relation as (5.12), it is found that the temperature does not obey the inverse M law at least for small M unlike ae-case. It increases exponentially as M approaches to M min , for which the horizon area vanishes.
Although there are several coupling constants in the action we consider (2.5), we have manipulated only ultraviolet coupling constants, i.e., β 1 , β 2 and g 2 from z = 2 Lifshitz scaling terms. The coupling constant c 13 , c 2 and c 14 are all fixed so that the ae-black hole is restored in infrared limit. However, we shall emphasize that the existence of the other types of black hole solution should not be excluded in this theory with the different values of the coupling constants c 1 -c 4 . For example, non-black hole solution in ae-theory (a static and spherically symmetric solution with Killing horizon but without a universal horizon found in [30] ) may turn to form a causal boundary due to the Lifshitz scaling terms.
Turning our attention to more energetic region, it is obvious that the z = 3 Lifshitz scaling terms which are required by power-counting renormalizability of gravity turn to be dominant rather than z = 2 terms. Namely, our analysis in this paper should correspond to the intermediate region between the energy scale described in ae-theory and the such a ultimately high energy scale. If we consider more ultraviolet modification terms in action, we may obtain the additional intriguing spacetime such as a singularity-free solution which is discovered in the context the early universe in HL theory.
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Then, the metric and the aether field are transformed into 
Since Eddington-Finkelstein type metric is restored, i.e., the (r, r) component of the metric is vanished, we can regard v * as a null coordinate in (ĝ,û) frame. We now focus on the asymptotic property. Substituting (3.8), we find
Thus, it is found that the asymptotic flatness is held even if the disformal transformation is performed. Additionally, the mass of the spherical object, i.e., Noether charge with respect to time translational symmetry is also invariant under the disformal transformation.
Appendix B: The invariance of spatial curvature under disformal transformation
As we mentioned, the action of ae-theory has an invariance except each coupling constants. In this section, we shall show the transformation law in detail. For convenience, we define a new tensoral quantity X where, K µν := γ α (µ ∇ α u ν) is an extrinsic curvature associated with the aether. Note that K µν = K νµ is imposed by the hypersurface orthogonality of the aether. Then, covariant derivative of the aether is given bŷ
and, we find the aether is invariant,
thus, the c 13 , c 2 and c 14 terms in the action (2.5) are transformed into
The four dimensional Riemann tensor R 
and thus, we find the transformation law of Ricci scalar R as follows :
Since the total derivative term in the action can be integrated out, we shall abbreviate it. Turning our attention to the transformation law of the spatial three-curvature R µν . From the Gauss-Codazzi relation, the spatial curvature can be expressed in terms of g µν and u µ :
Since the three metric γ µν is invariant, we have only to consider the terms associated with X 
The last two terms of RHS in (B7) are transformed intô
Thus, we can find R µν is invariant under the transformation and obtain (2.15). Since R µν andu µ are invariant under the disformal transformation which is a rescaling of timelike separation between two spacelike hypersurface, we expect that its spatial covariant derivatives are also invariant. In order to confirm it, we examine the transformation law of a purely spatial tensoral quantity Z µν··· so thatẐ µν··· = Z µν··· and u α Z αν··· = u α Z µα = · · · = 0. Then, 
The terms proportional to X α βγ in the second line are vanished due to the spatial property of Z µν··· . Thus, we conclude that all of the spatial higher derivative terms derived by non-projectable HL gravity are invariant under disformal transformation. at r UH for regularity. Therefore, we conclude that the universal horizon is always singular. As a result, the thunderbolt singularity appears if R 2 and/oru 2 R terms are joined.
